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Abstract Density functional theory (DFT) has become a basic tool for the study of
electronic structure of matter, in which the Hohenberg—Kohn theorem plays a funda-
mental role in the development of DFT. In this paper, we present a simple, selfcontained
and mathematically rigorous proof using the Fundamental Theorem of Algebra. We
also show the Hohenberg—Kohn theorem for systems with some more general external
potentials.
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1 Introduction

The modern formulation of density functional theory (DFT) originated in the work of
Hohenberg and Kohn [11], on which based the other classic work in this field by Kohn
and Sham [14], the Kohn—Sham equation, has become a basic mathematical model of
much of present-day methods for treating electrons in atoms, molecules, condensed
matter, and man-made structures [6,9,12,23,25].
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Although it is quite profound, DFT is not entirely elaborated yet (c.f., e.g.,
[5,17,18,22,26,28] and references cited therein). Since the relevant assumptions are
incompatible with the Kato cusp condition, Kryachko has pointed out that the usual re-
ductio ad absurdum proof of the original Hohenberg—Kohn theorem is unsatisfactory
[15,16,21]. Note that Kato theorem [13] tells the electron-nucleus cusp conditions
at nucleus positions only, we are not able to uniquely determine the electron density
just from the cusp conditions without using any other information such as the ana-
Iyticity of density shown in [7,8], though the electron density uniquely determines
the external Coulombic potential. Consequently, there is a gap in the proof of the
theorem by using the Kato theorem in [16], for instance. Eschrig provided a proof
of the theorem based on a conjecture that is not easily proved mathematically [6].
We note that Lieb has tried to examine the theorem rigorously [22]. But Lieb’s proof
required that the N-particle wavefunction does not vanish in a set of positive mea-
sure that was unclear in a real system (c.f., e.g., [26]) until Mezey established the
holographic theorem [24] and Fournais et al proved the analyticity of density away
from the nuclei [7,8]. We see that one may use the Hohenberg—Kohn variational prin-
ciple to show the Hohenberg—Kohn theorem, provided that the differentiability of
the DFT variational is well set up [17,21]. We also understand that there are sev-
eral fine approaches trying to solve mathematical problems associated with DFT, in
which some sophisticated mathematics is directly or indirectly involved. We refer to
[1-4,10,15,17,18,29,19,21,22,24,26,28,30] and references cited therein for discus-
sions on the Hohenberg—Kohn theorem.

In this paper, we shall present a simple, selfcontained and mathematically rigorous
proof by using the Fundamental Theorem of Algebra only (see Sect. 4). We also show
the Hohenberg—Kohn theorem for systems with some more general external potentials
(see Sect. 5).

2 Hohenberg—Kohn theorem

We see that the approach of Hohenberg and Kohn is to formulate DFT as an exact
theory of many-body systems. The formulation applies to any system of interacting
particles in an external potential v, including any problem of electrons and fixed nuclei,
where the Hamiltonian can be written as

N
H=T+ Zv(xi) + V. 2.1
i=1
Here
N
T = — h_z 2
2m, i
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is the electron-electron repulsion energy operator, with 7 is Planck’s constant divided
by 2w, m, is the mass of the electron, {x; : i = 1,..., N} are the variables that
describe the electron positions, and e is the electronic charge. For an electronic Cou-
lomb system,

2
Zje

lx —rjl

(2.2)

M=

V() = vy g () = —
j=1

is determined by {Z; : j = 1,2, ..., M}, which are the charges of the nuclei, and
{rj :j=1,2,..., M}, which are the positions of the nuclei. The energy of the system
can be expressed by

E= (W, HY) = (W, (T + V)W) + / v(x)p(x)dx, 2.3)
R
where
p(x) = p* (x)
=N > / (W ((x, 01), (x2,02), ..., (xn, on))*dxz ... dxy
(2.4)

is the single-particle density.
Consider Coulomb potential set

Zje

M 2
Ve=1{- cZieRrieR(G=1,2,.... M):;M=1,2,...
§|x—rj| / /

Let Hp = T + V.. and v be a single-particle potential in V. The total Hamiltonian
is Hy = Ho + V, where

N
V= ZU(xi).
i=1

The associated ground state energy E(v) is defined to be
E() = E, N) =inf{(¥, H,¥) : ¥ € #y}, (2.5)
where

Wy =(weH ®N): > |W%dx) ...dxy = 1}.
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Note that there may or may not be a minimizer v in #J, and if there is one it may
not be unique [22]. Thus, we should introduce a set of minimizers

Yy =%, n = arginf{(V, H,¥) : ¥ € #n}.
Any W in %, is called a ground state of (2.5). If ¥ € ¥, then
HyW = E(v)¥ (2.6)

in the distributional sense.

The original Hohnberg—Kohn theorem (see page B865 of [11]) states that the
external potential v “is a unique functional of” the electronic density in the ground
state,“apart from a trivial additive constant.” In our notation, Lieb’s statement of this
theorem may be written as the following (see Theorem 3.2 of [22]):

Theorem 1 Suppose W, € 9, and W,y € G, Ifv # v' +constant, then p¥> # p%v.

For Coulomb type systems, indeed, we may state the Hohenberg-Kohn theorem as
follows:

Theorem 2 Suppose ¥, € 4, and Y, € %y with v,v' € Ve. If v # vV, then
ptr # pt.

3 Lemmas

To prove Theorem 2, we need some lemmas.

Lemma 1 For any n > 2, there exist non-zero polynomials {H, j(s1,52,...,5p) :
j=0,1,2,..., 2”_1} with real coefficients satisfying
() Hyp, j(s1,82,...,5)(=1,2,..., 2”_1) are homogeneous:

Hy jOS1, 82, ooy Asy) = A Hy (51,52, ..., 8,), YAeR, j=1,2,...,2"" "
Hn,O(slsSL e sp) =1,

and H, yn-1(s1, 82, . .., $p) is a monic polynomial of degree =1
(i) Iftj e R(j=1,2,...,n) and

n
8= 1),
j=1
then

Hy i (t%, 2. t2) 52271=0) . 3.1)
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Proof We prove the conclusion by induction on n. First, forn = 2,1 + 1t = §, a
direct calculation implies

14— 22— 28? (t12 + t22) +8t=0.

Namely, Lemma 1 is true for n = 2.
For the induction step, suppose Lemma 1 is true for n. Let

Z 1= é.
j=1
By the induction hypothesis, we have from
n
Z tj = 3 —tut1
j=1

that there exist non-zero polynomials

{Hy (51,82, ..., 82): j=0,1,2,...,2"" 1)

with real coefficients satisfying H, j(s1,$2,...,8,)( =1,2,..., 2”’1) are homo-
geneous, H, yn-1(s1, 52, .-, $p) 1s @ monic polynomial of degree 27=1 and
2n—|
n—1_ -
D Hy @5 )6 — 1) ) =0 (3.2)

Applying Newton binomial theory, we then get that

n n
H,y o (tlztzzt,%) +6% +12,

on— 1_ 2)1717]- .
2 2 2 2" =2\ conojo1 0
+ H (tl,tz,...,tn) > ( 5 )5 jA
j=1 =0
P |
2"\ on_o 2
+ Z (21)8 n+1
=1
2! 2t .
2 2" =25\ con_nj_21,01-2
= 8ty Hn,] , ,...,tn) (21_1 5 g
= I=1
on— 1

2 n
i3 (2 )

=1
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Taking squares of both sides of the above =, we arrive at the conclusion of Lemma 1
when n is replaced by n 4 1. This completes the proof.

The following conclusion results from page 78 of [6] (c.f. also [20,22,26]):

Lemma 2 Given v,v' € V. Let p, = p¥v and py = p¥ with ¥, € 9, and
Wy € YGy. If py = py, then

N
(Z(v/ —0)(x) — (EQW) — E(v))) W, =0 inR¥W. (3.3)
i=1

Proof For completion, we present a proof here, which essentially comes from the
proof of Theorem 1 of [26]. We see that

E() = (Wy, HyWy) < (Wy, HyWy)dx

= E®) —/pv/(v’ —v)dx.
R3

Similarly,

E() < E(v) —/pu(v —v)dx.

R3

Thus we obtain that if p, = p,/, then

EW)=E@) - /pv(v —v)dx,

]R}

or

/,ov(v —v)dx = E(v) — EQ¥),

R3

which leads to E(v) = (¥, Hy W, ). Therefore ¥,y € ¢4, and
Hy Wy = E(u)W,.

By a similar argument, we have
HyW, = EQV)W,.

Since

Hv\pv = E(v)\llv,
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we arrive at (3.3). This completes the proof.

Due to the Fundamental Theorem of Algebra (c.f., e.g., [27]), every non-zero sin-
gle-variable polynomial with real or complex coefficients has exactly as many real or
complex zeroes as its degree, if each zero is counted up to its multiplicity. Hence we
have a multivariate version of the Fundamental Theorem of Algebra as follows:

Lemma 3 The Lebesgue’s measure of the set of zeroes of any non-zero multivariate
polynomial with real coefficients is zero.

4 Proof of Theorem 2

In this section, we prove Theorem 2, the new statement of Hohenberg-Kohn theorem.

Proof Let p, = p¥ and p, = pY¥v'. It is sufficient to prove that v = v if p, = py.

Note that there existm > 1,r; € R3 and aj €e R(j =1,2,...,m) such that
m O
W - =D —L—.
— |lx =1l
J_
Suppose v" # v, we have aj, # 0forsome jo € {1,2,...,m}.

Let {Hy, j(s1,82,...,8.) : ] =0,1,2,..., 2”’1} be the non-zero polynomials
with real coefficients satisfying the conclusion of Lemma 1 with n = mN and

_ X jo
lxi —rjl’
n=EQ)—E(@),
:1=23,... .n = [Ll:iz 1,2,... N:j= 1,2,...,m]\{—8}.
lxi —rjl
We see that if equation
N
> =)&) =EW) - E@) (4.1)
i=1
holds, then there exists a non-zero multivariate polynomial P (sy, s2, .. ., s,) with real
coefficients such that
P (=l = ey = rl?) =0,
xi eR3N\{rj:j=1,2,...,m}, i=12,...,N. 4.2)
As aresult, if (x1, x2, ..., xy) is any zero of (4.1), then (x1, x2, ..., xy) iS an zero
of (4.2). Note that P(|x; — ri|%, ..., |xi — rj|2, oy =) s a polynomial of
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(x1, x2, ..., xy) with real coefficients. We obtain from Lemma 3 that the set of zeroes
of (4.1) are of zero measure in R3N . Since

N
D =) — (EQ) — E@w))

i=1
is continuous over domain
(1,2, oyxn) i x €R3IN{rjj=1,2,...,m},i =1,2,..., N}

as a function of (x, x2, ..., xn) € R3¥, we must have ¥, = 0 almost every where
in R3N from (3.3), which is a contradiction to

> W, [%dx; ...dxy = 1.

01,02, 0Ny

This completes the proof.

5 Generalization

We point out that our arguments can be applied to establishing Hohnberg-Kohn type
theorem for other kinds of external potentials.

Letx = (&1, &, &) € R3, define V = L3/2(R3) + L®(R?), S= the set of positive
rational numbers, and

is) sk
%~i,j,k=0,1,2,...;r6R3;2>SGS . (5.D

Ve = VNspan :
|x —rls
Note that Lemma 2 is valid when V¢ is replaced by V. Applying Lemma 3, we obtain
from the proof of Theorem 2 that Theorem 2 is also true when V¢ is replaced by V.
Namely, we have

Theorem 3 Suppose ¥, € 4, and YV, € 9y with v,v' € Vg. If v # V/, then
pPv # ptv.

Acknowledgments The author would like to thank Prof. X. Gong and other members in the author’s group
for their stimulating discussions and fruitful cooperations that have motivated this work. The author would
also like to thank the editor and reviewers for their constructive comments and suggestions that improve
the presentation of this paper and for deriving the author’s attention to a number of valuable references.

References

1. P.W. Ayers, Density per particle as a descriptor of Coulombic systems. Proc. Nat. Acad. Sci.
USA 97, 1959-1964 (2000)

@ Springer



2754 J Math Chem (2012) 50:2746-2754

11.
12.
13.

15.

16.

17.

18.

19.

20.

21.

22.
23.

24.

25.

26.

27.

28.

29.

30.

P.W. Ayers, S. Golden, M. Levy, Generalizations of the Hohenberg-Kohn theorem: I. Legendre trans-
form constructions of variational principles for density matrices and electron distrbution functions.
J. Chem. Phys. 124, 054101-054107 (2006)

P.W. Ayers, M. Levy, Time-independent (static) density-functional theories for pure excited states:
extensions and unification. Phys. Rev. A 80, 012508-012523 (2009)

P.W. Ayers, S. Liu, Necessary and sufficient conditions for the N -representability of density functionals.
Phys. Rev. A 75, 022514-022527 (2007)

A.j. Cohen, P. Mori-Sanchez, W. Yang, Challenges for density functional theory. Chem. Rev. 112,
289-320 (2012)

H. Eschrig, The Fundamentals of Density Functional Theory (Eagle, Leipzig, 2003)

S. Fournais, M. Hoffmann-Ostenhof, T. Hoffmann-Ostenhof, T. @stergard Sgrensen, Analyticity of
the density of electronic wavefunctions. Ark. Mat. 42, 143-415 (2004)

S. Fournais, M. Hoffmann-Ostenhof, T. Hoffmann-Ostenhof, T. @stergard Sgrensen, Analytic structure
of many-body Coulombic many-electron wave functions. Commun. Math. Phys. 289, 291-310 (2009)
E.K.U. Gross, R.M. Dreizler (eds.), Density Functional Theory (Plenum Press, New York, 1995)

N. Hadjisavvas, A. Theophilou, Rigorous formulation of the Kohn-Sham theory. Phy. Rev. A 30, 2183—
2186 (1984)

P. Hohenberg, W. Kohn, Inhomogeneous gas. Phys. Rev. 136, B864-B871 (1964)

F. Jensen, Introduction to Computational Chemistry (Wiley, New York, 1999)

T. Kato, On the eigenfunctions of many-particle systems in quantum mechanics. Commun. Pure Appl.
Math. 10, 151-177 (1957)

W. Kohn, L.J. Sham, Self-consistent equations including exchange and correlation effects. Phys. Rev.
A 140, 4743-4754 (1965)

E.S. Kryachko, On the original proof by reductio ad absurdum of the Hohenberg-Kohn theorem for
many-electron Coulomb systems. Int. J. Quantum Chem. 103, 818-823 (2005)

E.S. Kryachko, On the proof by reductio ad absurdum of the Hohenberg-Kohn theorem for ensembles
of fractionally occupied states of Coulomb systems. Int. J. Quantum Chem. 106, 1795-1798 (2006)
P.E. Lammert, Differentiability of Lieb functional in electronic density functional theory. Int. J. Quan-
tum Chem. 107, 1943-1953 (2007)

PE. Lammert, Well-behaved coarse-grained model of density theory. Phys. Rev. A 82, 012109—
012230 (2010)

M. Levy, University variational functionals of electron densities, first-order density matrices, and natu-
ral spin-orbitals and solutions of thev-representability problems. Proc. Nat. Acad. Sci. USA 76, 6062—
6065 (1979)

M. Levy, Electron densities in search of Hamiltonians. Phys. Rev. A 26, 1200-1208 (1982)

M. Levy, On the simple constrained-search reformulation of the Hohenberg-Kohn theorem to include
degeneracies and more (1964—1979). Int. J. Quantum Chem. 110, 3140-3144 (2010)

E.H. Lieb, Density functionals for Coulomb systems. Int. J. Quantum Chem. 24, 243-277 (1983)

R. Matrtin, Electronic Structure: basic theory and practical methods (Cambridge University Press,
London, 2004)

P.G. Mezey, The holographic electron density theorem and quantum similarity measures. Mol.
Phys. 96, 169-178 (1999)

R.G. Parr, W.T. Yang, Density-Functional theory of atoms and molecules (Oxford University Press, Ox-
ford, 1989)

R. Pino, O. Bokanowski, E.V. Ludenia, R.L. Boada, A re-statement of the Hohenberg-Kohn theorem
and its extension to finite subspaces. Theor. Chem. Account 118, 557-561 (2007)

F. Smithies, A forgotten paper on the fundamental theorem of algebra. Notes Rec. R. Soc.
Lond. 54, 333-341 (2000)

W. Szczepanik, M. Dulak, T.A. Wesolowski, Comment on “On the original proof by reductio ad
absurdum of the Hohenberg-Kohn theorem for many-electron Coulomb systems”. Int. J. Quantum
Chem. 107, 762-763 (2007)

R. van Leeuwen, Density functional approach to the many-body problem: key concepts and exact
functionals. Adv. Quantum Chem. 43, 25-94 (2003)

W.T. Yang, P.W. Ayers, Q. Wu, Potential functionals: dual to density functionals and solution to the
v-representability problem. Phys. Rev. Lett. 92, 146404—-146407 (2004)

@ Springer



	Hohenberg--Kohn theorem for Coulomb type systems and its generalization
	Abstract
	1 Introduction
	2 Hohenberg--Kohn theorem
	3 Lemmas
	4 Proof of Theorem ??
	5 Generalization
	Acknowledgments
	References


